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Abstract 



In this work a tetrad theory of gravity, invariant under conformal 
transformations, is investigated. The action of the theory is similar 
^^ ■ to the action of Maxwell's electromagnetism. The role of the electro- 

f^ . magnetic gauge potential is played by the trace of the torsion tensor 

^J I of the Weitzenbock spacetime. It is shown that all static, spherically 

symmetric space-times, are solutions of the vacuum field equations. 
However, by fixing the gauge in the linearized form of the vacuum 



^^ , field equations, the usual Newtonian limit for the gravitational field is 

CN ' obtained. 
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1 Introduction 

Conforinal invariance is an important symmetry in some attempts to quantize 
gravity [H [2] . The symmetry is normally realized in alternative formulations 
of general relativity, which modify both the small and large scale descriptions 
of the space-time geometry. The behaviour of the gravitational field at very 
small distances has to be modified in order to construct a renormalizable and 
unitary theory of quantum gravity. At large scales, the modified theory has 
to yield an acceptable solution to the dark matter and dark energy problems. 
Attempts based on the conformally invariant Weyl theory, which is quadratic 
in the curvature tensor, have been recently carried out in the literature [51 HI 

The usual procedures for modifying the standard formulation of general 
relativity and obtaining a theory endowed with conformal invariance are 
the following. Either one adds a scalar field to the Hilbert-Einstein action 
integral, together with a suitable kinetic term for the scalar field, or one 
considers alternative theories like the quadratic Weyl theory. The latter is 
known to be the only metrical theory that exhibits conformal invariance. 
However, it is not the only geometrical theory. It is possible to construct 
an infinity of geometrical theories of gravity out of the tetrad field, which 
are invariant under conformal transformations, and which may play a role 
in the formulation of the quantum theory of gravity. Teleparallel theories of 
gravity, endowed with conformal invariance, have been recently investigated 
[6J. It was found that there is an infinity of theories, beyond the quadratic 
Weyl theory, that display conformal invariance. 

In this article, we address a particular theory of gravity that, besides 
conformal invariance, displays three interesting features: (i) the functional 
structure of the theory is similar to Maxwell's theory of electromagnetism; 
(ii) all static, spherically symmetric geometries, including the Schwarzschild 
geometry, are solutions of the vacuum field equations; and (iii) by fixing 
the gauge in the linearized form of the field equations, we obtain the usual 
Newtonian limit. The emergence of the Schwarzschild solution in the context 
of a Maxwell type theory of gravity is an intriguing result. This theory can 
be understood as a teleparallel theory for the gravitational field. 

In Sect. 2 we review the construction of conformally invariant teleparallel 
theories of gravity, and in Sect. 3 we present the Maxwell type theory, the 
spherically symmetric solutions and the linearized solution of the vacuum 
field equations. Finally, in Sect. 4 we present our conclusions. 



Notation: space-time indices fi, z/, ... and S0(3,l) indices a, b, ... run from 
to 3. Time and space indices are indicated according to /x = 0, i, a = (0), {i). 
The tetrad field is denoted e"' fj,, and the torsion tensor reads Ta^u = dfj^Cau — 
dyeafi- The fiat, Minkowski spacetime metric tensor raises and lowers tetrad 
indices and is fixed by riab = Ga^ebud^'^ = ( — 1, +1, +1, +!)• The determinant 
of the tetrad field is represented by e = det(e" ^). 

The space-time geometry is defined here by the tetrad field only, and the 
only possible non-trivial definition for the torsion tensor is given by T"" ^u- 
This torsion tensor is related to the antisymmetric part of the Weitzenbock 
connection V^^ = e'^^d^Cau, which establishes the Weitzenbock spacetime. 
The curvature of the Weitzenbock connection vanishes. However, the tetrad 
field also yields the metric tensor, which determines the Riemannian geome- 
try. Thus, in the framework of a geometrical theory based on the tetrad field, 
one may use the concepts of both Riemannian and Weitzenbock geometries. 



2 Teleparallel theories with conformal ivari- 
ance 

In this section we review the results recently obtained in [B]. A conformal 
transformation on the space-time metric tensor transforms g^y into g^y = 
^2e{x) g^^^ where 9{x) is an arbitrary function of the space-time coordinates. 
The conformal transformations on the tetrad field and on its inverse are 
defined by 

ea, = e'^^^ea,, g"/^ = e'^^^') e"^ (1) 

The transformation of the projected components of the torsion tensor Tabc = 
^b^^c^^d^Cau — dyCa^) is Straightforward. It is given by 

fabc = e-'iTabc + Vaceb^d^O-rjabCc^d^e), 

fabc ^ e-\T'''"' + r]^''e^''df,e-T]''^e"'d^e). (2) 

As a consequence of the equation above, the trace of the torsion tensor Ta = 
T^ ba transforms as 

fa = e-'{Ta-3ea^d^e), 

fa ^ e-^(T"-3e"'^9^0). (3) 



We also have 

f^ = T^-3d^e, (4) 

where T^ = T^am- 

With the help of equations (2) and (3), it is possible to verify that the 
behaviour of the three quadratic terms that determine the Lagrangian density 
of the standard teleparallel theories of gravity is given by 



faf^ = e-^'{T''Ta-QT^d^e + 9g^"'d^ed,e). (5) 

In view of the equations above, it is straightforward to check that the quantity 

i.lr-r„. + ir-T.„.-ir«r„ (6) 

transforms under a conformal transformation according to L = e"^^L. As a 
consequence of Eq. (1), we find that for the determinant e of the tetrad field 
we have e = e^^ e. Therefore, by introducing a scalar field that is assumed 
to transform as 



(7) 



it is easy to verify that 



^T'^'^Tabc + Ir'^'^nac - ^r^T„) (8) 

is invariant under coordinate transformations and conformal transformations 
[6]. It follows from Eq. (4) that a covariant derivative for the scalar field 
may be defined, 

D,<j)=(d,-^T,y. (9) 

It is easy to verify that i5^0 = e^^ -D^0. 

In view of equations (5-9), it is possible to construct two sets of La- 
grangian densities that are invariant under conformal transformations, as 



described in jH]. The first set is a one-parameter family of theories con- 
structed out of the tetrad field and of the scalar field, and is given by 



C = ke 



_02(^_T«^^T,,, + -T'^'^T^ac - -T'^T^j + k'g^''D^<f)D, 



(10) 



where k = l/(167rG), and k' is an arbitrary constant parameter. By fixing 
k' = 6, we arrive at the teleparallel equivalent of general relativity [6]. The 
second set is a four-parameter family of theories, and reads 



where 



>C(ea^) = eLiLa , (11) 



L,=A T'^'^Tabc + B T'^'^Ttac + C T'^Ta , (12) 



L2 = A' T'^^'^Tatc + B' T'^'^n,, + C T'^Ta . (13) 

The constant coefficients in the expressions above are required to satisfy 

2A + B + 3C = 0, 2A' + B' + 3C' = 0. (14) 

The field equations derived from the Lagrangian density (11) are rather in- 
tricate, and it is not possible to envisage any simple solution of this four- 
parameter theory. 

3 A Maxwell-type theory of gravity 

A conformally invariant teleparallel theory of gravity, that was not noticed 
in the analysis of [6] , is a theory whose Lagrangian density is exactly similar 
to Maxwell's theory of electromagnetism. It is constructed out of the tetrad 
field only, and is given by 

/:=_le^/^V^F^.^„^, (15) 

where 

F^^u = d^T, - d,T^ , (16) 



and T^ = T^ \^. Under transformation (4), we have F^^, = F^^, and therefore 
£ given by Eq. (15) is invariant under conformal gauge transformations. 
The constant factor —1/4 is introduced just to emphasize the similarity with 
Maxwell's theory. 

The identification of a gauge field with the trace of the torsion tensor is not 
a novelty. Dirac [7| and Utyiama [S] have already considered a general afiine 
connection such that this feature takes place. In these attempts, the theories 
are formulated with metric and torsion as independent field quantities, and 
with the addition of a scalar field (see also refs. [9l [TOl [HI [121 [13 [E] ^^^ 
references therein; these approaches are understood as metric afiine theories 
of gravity, which have been thoroughly investigated by Hehl et. al. [K]). In 
contrast, in the present analysis the only field variable is the tetrad field. 

The vacuum field equations obtained by varying the action integral con- 
structed out of (16) read 



ea.e,Mdu{eF'^ne'^] - eaxe^MduieF'^^e'^] 
+ 9,(eF^'^)T,^A-era^ = 0, (17) 

where 

Tafi = F aFxfj, — -eatiFapF ■ (18) 

Expression (18) is similar to the standard energy- momentum tensor for the 
electromagnetic field. Although the theory investigated here is considered a 
theory for the gravitational field only, we may of course bring to the present 
context insights from the standard electromagnetic theory. We mention that 
a theory constructed out of a term similar to F^y has been investigated in 
[T6] . The theory in the later reference is constructed out of the torsion and 
Riemann tensors, and yield second order field equations, in contrast to the 
present approach. We also remark that the gauge transformation given by 
Eq. (9) is equivalent to the transformation of the torsion tensor (Eq. (14a)) 
of [TTj , where quadratic theories of gravity with second order field equations 
were addressed. 

We will show that all static, spherically symmetric space-time geometries 
are solutions of the vacuum field equations. Let us consider the line element 

ds^ = -A^dt^ + B'^dr'^ + r'^dO'^ + r^ sin^ Odct? , (19) 



where A{r) and B{r) are arbitrary functions of the radial coordinate r. The 
set of tetrad fields adapted to stationary observers in space-time, and that 
yields the line element (19), is given by 



^afi 











(20) 



/-A 

B sin 6 cos 

B sin 6 sin 
V 5cos^ 

Out of Eq. (20) we obtain the following non- vanishing components of Tafj.^, 



\ 

r cos 6 cos (f) —r sin 6 sin 4 

r cos 6 sin r sin 6 cos (f) 
—r sin 6 



^{0)01 = 


= diA 


; 


T(1)12 = 


- (1- 


B) cos 6 cos , 


T(2)12 = 


= (1- 


B) cos 6 sin , 


^(3)12 = 


= -(1 


- B) sin ^ , 


T(i)i3 = 


= -(1 


— B) sin^sin(/ 


^{2)13 = 


= (1- 


5) sin ^ cos . 



f211 



The expressions above yield only three non- vanishing components of T; 



Xfiui 



Tqqi 

T212 
T313 



AdiA, 

r{l-B), 

r(l -5)sin^^. 



(22) 



We may then calculate the traces T^ = T^ x/iit, r, 6, 0). We obtain 



To 


= 0, 


Ti 


= — 


T2 


= 0, 


Ts 


= 0. 



UA--il-B) 

A r 



From Eq. (23) we easily obtain 

F^,(t,r,^,0) = O^ 



(23) 



(24) 
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and therefore we conclude that Eq. (20) is a solution of Eq. (17), for arbitrary 
functions A{r) and B{r). The Schwarzschild metric tensor is obtained by 
identifying A^ = {1 — 2m/r) and B^ = [1 — 2m/r)~^. 

By establishing a weak field approximation for the tetrad field according 
to 

e\^S; + h\, (25) 

the field equations (17) may be reduced to a linearized form, to first order in 
h"' ^ (in contrast to the field equations derived from the Lagrangian density 
(11); the lowest order field equation obtained from the latter is of the order 
{haiiY )• ^y imposing Eq. (25) to (17), and transforming all indices into 
space-time indices, we obtain 

d^d^d^'dphP" - d^d^d^'dph'"' = (26) 

in cartesian coordinates, or 

d^d^^id'^B" -d''B'') = 0, (27) 

where -B^ = dph''^. The field equation above is invariant under the gauge 
transformation 

5^ ^ 5^ + 9^A , (28) 

where A is an arbitrary space-time dependent scalar function. The transfor- 
mation for the field W^ that yields Eq. (28) is given by h^" — > W^ + rf^^K. 
We may impose a Lorentz type gauge condition, 

dpB^ = , (29) 

after which the field equation (27) is reduced to 

dp{d,d')B'^ = Q. (30) 

The Newtonian limit for the gravitational field is characterized by line 
element 

ds^ = -(l + '^)de +[l- '^){dx^ + dy' + dz^) , (31) 

or 



^00 = hi = h22 = h3 = — T- (32) 

In terms of hf^u, the gauge condition (29) reads d^dph'"' = 0. Since h^i, is 
time-independent, the gauge condition in the Newtonian hmit reduces to 

(9i9i/iii + 92^2/122 + dsdshs = . (33) 

Transforming now to spherical coordinates, and taking into account (32), we 
have 



^2 Qj,y Qj, J 

The solution of this equation is given by 

0(r) = a + - , (35) 

r 

where a and b are constants. In order to comply with the Newtonian limit, 

we must have a = and b = —mc^ = —MG (recall that m = MG/c^, 

where M is identified with the mass of the source and G is the gravitational 

constant). 

The solution (35) to the gauge condition (29) is also a solution of the 

field equation (30), and ultimately of the field equation (26). Note that in 

cartesian coordinates, the field equation (30) may be rewritten as 

d^dpid^d^h'''' = . (36) 

Thus we conclude that the weak field limit of the theory determined by 
eqs. (17), (25) and (26) allows the description of the usual Newtonian limit 
of general relativity, namely, it yields the Newtonian potential = —MG/r 
provided we identify b = —mc^ in Eq. (35). Out of all possible spherically 
symmetric solutions, Eq. (35) arises from the imposition of the weak field 
approximation. However, it is likely that the time independent expression 
(35) is not the only solution to eqs. (26) and (27). 

4 Final remarks 

In this article we have addressed a theory that has three distinctive features: 
(i) it is invariant under conformal transformations, (ii) it is functionally sim- 



ilar to Maxwell's theory of electromagnetism, and (iii) all static, spherically 
symmetric geometries (including the Schwarzschild space-time) are solutions 
of the vacuum field equations. Moreover, the linearized (weak field) equations 
allow the description of the Newtonian limit of general relativity. 

The feature regarding the existence of an infinite number of solutions with 
static spherical geometry is, to some extent, similar to the existence of an 
infinity of solutions to the Laplace equation in electrostatics, in the absence 
of boundary conditions for the scalar potential. After imposing boundary 
conditions, one arrives at a particular solution for the physical configuration. 
In similarity to the problems in electrostatics, it may be possible to obtain the 
Schwarzschild metric by making use of the conformal gauge symmetry, and 
requiring, for instance, that the spherical surface determined by r = 2m is a 
null surface, as in a boundary vale problem. This issue will be investigated 
elsewhere. It is possible that the problem of finding stationary solutions to 
the field equation (17) may be reduced to a boundary value problem. The 
Schwarzschild metric displays an essential singularity at r = 0, and the fact 
that the vacuum solutions characterized by (20-24) are not a priori singular, 
is a positive feature. We will also analyze (i) the possible emergence of 
potentials that modify the standard Newtonian potential both at small and 
large radial distances, and (ii) the existence of time dependent solutions, and 
in particular of plane wave solutions. 

The emergence of the solution given by eqs. (23) and (24) is not sur- 
prising. The tensor F^j, has a structure of a rotational, and the rotational 
of a vector field endowed with spherical symmetry, vanishes. Thus, it is not 
possible to verify whether the Kerr metric tensor yields a tetrad field that is 
a solution of Eq. (17), by means of the procedure presented here. This issue 
will also be investigated in the future. 
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